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Inverse Problem Approach to Aberration Correction for in vivo
Transcranial Imaging Based on a Sparse Representation of
Contrast-enhanced Ultrasound Data

Paul Xing, Antoine Malescot, Eric Martineau, Ravi L. Rungta, and Jean Provost

Abstract— Objective: Transcranial ultrasound imaging is cur-
rently limited by attenuation and aberration induced by the skull.
First used in contrast-enhanced ultrasound (CEUS), highly echoic
microbubbles allowed for the development of novel imaging modal-
ities such as ultrasound localization microscopy (ULM). Herein,
we develop an inverse problem approach to aberration correction
(IPAC) that leverages the sparsity of microbubble signals. Meth-
ods: We propose to use the a priori knowledge of the medium
based upon microbubble localization and wave propagation to
build a forward model to link the measured signals directly to
the aberration function. A standard least-squares inversion is then
used to retrieve the aberration function. We first validated IPAC on
simulated data of a vascular network using plane wave as well as
divergent wave emissions. We then evaluated the reproducibility
of IPAC in vivo in 5 mouse brains. Results: We showed that
aberration correction improved the contrast of CEUS images by 4.6
dB. For ULM images, IPAC yielded sharper vessels, reduced vessel
duplications, and improved the resolution from 21.1 xm to 18.3 um.
Aberration correction also improved hemodynamic quantification
for velocity magnitude and flow direction. Conclusion: We showed
that IPAC can perform skull-induced aberration correction and
improved Power Doppler as well as ULM images acquired on the
mouse brain. Significance: This technique is promising for more
reliable transcranial imaging of the brain vasculature with potential
non-invasive clinical applications.

Index Terms—Phase aberration correction, inverse
problem, gradient method, contrast-enhanced ultrasound,
ultrafast ultrasound imaging, ultrasound localization mi-
croscopy.
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[. INTRODUCTION

Non-invasive imaging of the brain vasculature is of great
clinical interest since alterations of the cerebral blood flow
are present in multiple pathologies including stroke and neu-
rodegenerative conditions such as Alzheimer’s disease [1].
By using the transmission of plane waves [2] and moving
the image formation to the software end, ultrafast ultrasound
imaging increased by more than a 100-fold the frame rate
of standard ultrasound imaging techniques while preserving
a large field of view [3]. Such increase in frame rate led
to the development of a multitude of novel applications to
study hemodynamic changes in the brain vasculature, such
as ultrafast Doppler and functional ultrasound imaging [4].
Furthermore, the development of ultrasound localization mi-
croscopy (ULM) [5], [6] and later dynamic ULM [7] allowed
to measure hemodynamic changes such as pulsatility at the
microscopic scale.

However, image formation algorithms used in ultrafast ul-
trasound can suffer from some inherent limitations. The image
is most often reconstructed in post-processing by calculating
the time of flight associated to each point of the image in
a process called delay-and-sum (DAS) beamforming [8]. A
constant speed-of-sound hypothesis is generally assumed but
is not always valid for in vivo imaging. The mismatch between
real transit times and the computed time-of-flight causes what
is referred to as phase aberration, characterized by the image
degradation and a decrease in both contrast and resolution [9],
[10] which can represent an important limitation, especially for
transcranial brain imaging. In ULM, skull-induced aberration
can lead to detection errors [11], which can cause distortions
of the image [12]-[14]. To alleviate the impact of aberrations,
a craniotomy is often performed in pre-clinical studies [4],
[6], [15] but limit their scope and the clinical potential of
ultrasound-based brain imaging techniques.

Numerous methods have been proposed in the past decades
for aberration correction [16]-[20], some specifically for tran-
scranial imaging applications [21]-[25]. Since the distortion of
the wave fronts of the reflected echoes are directly related to
the aberration function, the use of single point-like reflectors
or diffuse scatterers has been proposed to perform phase
aberration correction [16], [17].

Highly echoic microbubbles were first invented for contrast
enhance ultrasound (CEUS) imaging and were later used for
other ultrafast ultrasound techniques including ULM [5], [6].
These microbubbles have been used for imaging through the
skull since their signals compensate for the attenuation, as
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Fig. 1. Schematic representation of the inverse problem approach. (a)
A linear probe is used to image a scattering medium I" in presence of
a phase screen aberrator u. The acquired signal is then given by s.
(b) T' can be inferred from microbubble positions. A forward model M
based on wave propagation can then be built, linking the medium I" and
aberration u to the measured signal s. The transmit operator T is used
to link the transmitted field of the probe to each scatterer. The reflection
operator R then links the scatterer signals back to each element of the
probe. (c) Computing the gradient term VM allows to write the forward
model in matrix form K (d). In the Fourier domain, the forward model
with the matrix K links directly the received signal s to the aberration
function u in a linear form. Applying inversion strategies such as least-
square minimization is used to solve u.

s = K X u
Solves = Ku | |
—

u = argmin{/ls — Kull2 + allLull2}

well as targets for performing correction by isolating single
microbubble hyperbolas to retrieve the aberration function
[12], [13], [23], [26]. However, the application of previous
strategies is complicated by the presence of multiple mi-
crobubbles with crossing signals, which cause interference that
disrupt hyperbolas and coherence profiles when microbubbles
are not adequately isolated [26]. To alleviate those issues,
virtual focusing and directional filtering were proposed to
reject signal originating from other microbubbles [13]. In vivo
microbubble signals are also limited by the directivity of the
probe elements, especially at higher frequency, meaning that
the diffraction hyperbola is not entirely defined along the
aperture. Consequently, aberration correction methods are not
commonly applied in CEUS or ULM. Deep learning strategies
have been proposed to solve some of these issues, which
outperformed conventional methods at higher microbubble
concentrations [14].

Herein, we propose a model-based optimization approach
for phase aberration correction suitable for ultrafast imaging
that leverages more specifically the sparsity of the entire
backscattered signals of microbubbles in CEUS and ULM
without requiring any change in the transmit scheme. Contrary
to previous microbubble-based correction method, this inverse
problem approach to aberration correction (IPAC) takes into
account a larger amount of information in the ultrasound
signals, such as probe and pulse characteristics, as well
as the physics of wave interaction and interference coming
from multiple scatterers, averting the need for physically or
virtually isolated “guided stars”. IPAC can be generalized to
any ultrasound probe and is compatible for plane waves and
divergent waves transmission. We first describe the physical
and mathematical formalism of the forward model. We then
describe how this model can be expressed into a linear form by
defining the analytical expression the gradient operator with

respect to the aberration function. We used simulation studies
to validate the efficiency of IPAC to retrieve the aberration
function. Finally, we validated on in vivo transcranial data
acquired on five mouse brains on both Power Doppler and
ULM images.

[I. THEORY AND MATHEMATICAL DESCRIPTION
A. Theoretical description of the forward problem

For low concentrations, CEUS images can be represented
as a sparse distribution of scatterers. A sparse representation
is also present in the ultrasound radiofrequency (RF) channel
signals as spatio-temporally separated echoes, i.e., diffraction
hyperbolas. Since microbubbles act as point-like scatterers,
they yield the Green function of the imaging system associated
to their given position. A forward model M can be developed
to link the sparse measured signals s (i.e., the received acoustic
RF channel data) to the sparse medium I (i.e., the image)

s =M(). (D

Since M is here expressed as generally as possible, it can be
used to model any kind of ultrasound probe.

In the Fourier domain, assuming linear propagation, this
forward model can be defined as the product between ma-
trix operators describing the physics of wave transmission,
scattering, and reflection. To demonstrate this, let us consider
the case of a one-dimensional ultrasound probe composed of
N, elements where each element is located at the position
rn = (Tn,Yn,2n), With z,, y,, and z, representing the
coordinates of the element. This probe is used to insonify
a medium composed of N, scatterers that is defined by the
operator I'. Upon linear and single scattering assumption, I"
can be described in the form of a diagonal matrix [27] and its
coefficients I'y ;(w) = I'(rs,w) represent the backscattering
amplitude of each scatterer at position rs = (zs,ys, 2s) for
the wave angular frequency w = 2x f, with z;, ys, and z the
coordinates of the scatterer. The transmission operator T with
coefficients T ,,(w) = T'(rs, Iy, w) then links the transmitted
field of each element at the position r,, to any scatterer at
the position rg within the medium. Likewise, the coefficients
Ry, s(w) = R(rp,rs,w) of the reflection operator R describe
the reflection from any point at the position ry back to each
receiving element at the position r,,, (see figure [I).

Considering the transmission of all N, emitting elements
and the contribution of all N, scatterers within the medium,
the model signal M,, received by the m!”" element of the
probe can be defined as described by [28]

N, N,
Mp(Tow) =Y "> Ry o(@)les(@)Tom(w). ()
s=1n=1
For a detailed description of the theoretical derivation of
the transmission and reflection operators, see the supplemental
materials. Furthermore, the skull-induced aberration u can also
be included into this forward model

s =M(T,u). (3)

Again, u is here expressed as generally as possible to model
any kind of aberration. Let us now consider the specific case of



XING et al.: INVERSE PROBLEM APPROACH TO ABERRATION CORRECTION

Iterative steps

Microbubbles
localization
—_—

(1)

RF filtering
—

Beamforming
—

Time

®
E
£

Beamforming
with phase delays

Phase
aberration
retrieval

Elements

Elements

——

Fig. 2.

(3)

Final image
correction
—

construction

uLm
reconstruction

1
1
1
1
1
1
1
1
1
1
1
l Operator :
1
1
1
1
1
1
1
1
1
1
1

General framework for in vivo phase aberration correction. (1) A SVD filter is applied to raw RF channel data to isolate microbubble

hyperbolas. (2) Microbubble positions are localized on beamformed data to construct the forward model K. The aberration function is then retrieved
by using a least-squares minimization. Delays associated to the aberration function are included into the beamformer to perform correction. This
step can be performed in an iterative manner to correct for microbubble positions, which return a more precise K matrix. (3) After convergence of
the iterative step, the final aberration function is used to perform correction on either power Doppler or ULM images.

a near-field phase screen aberrator placed between the medium
and the probe. This aberration model can be described as
time delays associated to the transmitted and received fields
for each element of the ultrasound probe while the medium
is considered globally uniform, as previously described [16],
[17]. In mathematical form, the aberration profile can be
defined as a function of each element

Up (W) = u(rp,w) = a(rn)eiw(r"), 4

where 7(r,,) stands for the phase delay and a(r,) the am-
plitude aberration associated to the n'”* element. The complete
aberration function can hence be defined as the vector u(w).
The RF channel signals in presence of phase aberration in both
transmit and receive can be modeled as

s=1n=1
(5
Here, we assumed that the same aberration function is
present both in transmit and receive.

B. Linear formulation of the forward problem

We have considered previously in our model the signal
received by a single element. For sake of clarity, if we consider
only the central frequency w = wg and by using the operators
T, T and R, we can write equation (E[) in a matrix form that
fully describes the forward model

M(T,u) = uo Hu, (6)
where the symbol o stands for the Hadamard product and
H=RxIxT. (7N

Here H is the transfer function of the imaging system that
describes all the physics of the wave propagation from each
element in transmit to each element in receive. Hence, H
can also be seen as the wave propagator operator similarly
to what was previously described [29], [30]. The particularity
of our formalism is that H is written in such a way that
it is uncoupled from the aberration function, instead of the

Ns N,
M (T u,w) = Z Z U (W) Ry, s (W) Ts s (W) T (W)t (w).

probe emission. Moreover, considering the identity x oy =
diag(x)y = diag(y)x, the differential of M is given by

dM = diag(Hu)du + diag(u)d(Hu). 8)

We can then express the gradient of M with respect to u
as

VuM(T, u) = diag(Hu)Vyu + diag(u)V4(Hu)  (9)
which simplifies as

VuM(T',u) = diag(Hu) + diag(u)H. (10)

The gradient operator VuM is a N, x N, tensor that de-
scribes the variation of the received signal for each element of
the ultrasound probe caused by the aberration. By introducing
VuM, the forward model can be approximated in a linear
form by using a Taylor expansion of the first order

s ~ M(T, ug) + VoM(T, ug)(u — ug), (11)

with ugy an arbitrary aberration function, which can be used
as an initial guess later on. In practice, ug can be first set as
the unitary vector 1V<*! and then M(I‘, u) represents the
theoretical expected signal in absence of aberration. Once the
problem is written into this formalism, it becomes linear with
respect of u, meaning that a direct forward operator K can
be represented as a matrix which links the measured signals
to the aberration function, such as

s~ K(T',up)u, (12)
with

K(T,up) = (VuM(F,uo)’M(F,UO) - VuM(F,uO)uo>

u:= (u‘l)T, -

where ( | ) stands for the augmented matrix form and := for
reassignment. A priori knowledge of the medium based on the
detection of microbubble positions can be used to build the
forward model matrix K. Application of inversion strategies
that minimize the mismatch between the measurements s and

(13b)



4 REVIEWED PREPRINT, ACCEPTED IN IEEE TRANSACTIONS ON BIOMEDICAL ENGINEERING, 23 APRIL 2025

the model K can be used to retrieve u and then perform
image correction by including the appropriate delays into the
beamforming process.

C. Least-squares solution to the inverse problem

Inverse problems are usually ill-posed and sensitive to noise.
A robust estimation of the aberration function can be retrieved
by using a least-squares method and a Tikhonov regularization
[31]

a = argmin{||s — K(T',uo)u||® + a||Lu||?*}, (14)

with @ the least-squares solution, L the regularization
matrix and « a regularization parameter. For efficient noise
reduction and to retrieve smooth and continuous solutions for
the aberration function, the L matrix can be set as the second
D, derivative matrix. In matrix form, 1 can be written as

= (KNI, ug)K(T',ugp) + D2 Do) 'K (T, ug)s. (15)

The solution @1 represents a first approximation of the
aberration function, which can be used to adjust delays in
beamforming to better reconstruct the image and improve
microbubble localization to correct I'. Our formalism can then
be used in an iterative manner in order to achieve a more
precise computation of the aberration function. Indeed, by
updating the initial guess state ug

up = 0,

one can further update the operator K (by using the updated
values of IT' and ug) which would in turn gives a more precise
estimation of u. This iterative process can be applied for n
iterations or until reaching a convergence criterion, such as
6 — ug|| < e, € being the tolerance value.

D. Generalization to multiple transmit angles

Until now, we have considered only a single transmit angle.
In ultrafast imaging, multiple transmit angles € are used to
improve resolution and increase signal contrast [2] and signal-
to-noise ratio (SNR) [32]. The receive signal sy would then
be a matrix of dimension N, x Ny, with Ny the number of
transmit angles. Within our formalism, this requires to consider
an additional phase delay in transmission for each element
Ap(w,0) = ™) We can define a transmit operator Ty
as a tensor of dimensions N, X N, X Ny that includes each
transmit angle

Ty =ToA(0). (16)

Assuming the aberration function defined in the transducer
basis does not change with the transmit angle, the problem
can be reduced back into a two-dimensional system. Indeed,
by vectorizing sy and reshaping My, we can write

sp = Kg(T', up)u, 17)
with
K, (T, up)
Ky(T,ug) = , (18)
K, (T, o)

and thus the solution takes the same form as equation [I3]

[1l. METHODS
A. In silico experiment

The in silico datasets were simulated using a GPU im-
plementation of the SIMUS software [28], which simulates
the pressure fields in the frequency domain for each probe
element in transmission and reception. SIMUS was modified
to include the phase screen aberration model for both the
emission and reception field simulations. Each plane wave was
simulated by time-delaying each element during transmission
by the corresponding angle. A uniform distribution was used
to generate random aberration profiles, both in amplitude
and phase. The amplitude attenuation (which models the
skull attenuation) ranged from 0-50% and the relative phase
variation was limited to 1 wavelength (\).

To simulate the motion of microbubbles, we used a pre-
viously described [33], [34], graph-based model of the vas-
culature of a mouse brain with Poiseuille flow conditions.
The vascular network was dilated to cover a field of view
comparable to in vivo studies. The number of microbubbles per
frame was set between 50 and 100 to reproduce concentrations
comparable to the ones used in ULM experiments [35]. Sim-
ulated microbubbles were treated as point-like scatterers. The
ultrasound radiofrequency (RF) response for each microbubble
position was simulated for 11 compounding angles (-5° to 5°
with a 1° increment) and a 128-element, 15.625-MHz linear
array transducer ultrasound probe with the properties of the
L22-14 (Vermon, France) used during in vivo experiments. To
demonstrate the capability of our correction method to gener-
alize to any kind of 1D ultrasound probe, we also simulated
a 64-element, 2.5-MHz phased array with the properties of
the P4-2 (Phillips, USA). The speed of sound used for all
simulation was set to 1540 m/s.

Fully developed speckle and electronic noise were added
to every simulation to emulate realistic ultrasound acquisition.
The amplitude of the noise was set to different level of SNR
between 40 dB and 20 dB. To emulate the Verasonics Vantage
system processing, the RF channel data were subsampled into
100% bandwidth in phase-quadrature (IQ) data.

B. In vivo experiment

Ultrasound acquisitions were performed with the Vantage
system (Verasonics Inc., Redmond, WA) with a 100% sam-
pling rate. A 15.625-MHz probe (L22-14, Vermon, France)
and 11 compounding angles (-5° to 5° with step of 1°) were
used for the acquisitions made on five 8-12 week-old mice.
Excess hair was removed from the head, with the skin and
skull kept intact through all the experiments. A 3D-printed
head mount was used to limit movements from the mouse head
and ultrasound reflection. The mice were kept under general
anesthesia with Ketamine (50 mg/kg) and Medetomidine (1
mg/kg) and body temperature maintained between 36 and 37
°C during the acquisition. Definity microbubbles (Perflutren
Lipid Microsphere, Lantheus Medical Imaging, Billerica, MA,
USA) injection was performed in the retro-orbital sinus with a
10uL bolus. The mice were imaged at different coronal planes
identified as Bregma -2.2 mm, -1.5 mm, 0.0 mm, +0.2 mm,
and +0.7 mm. A complete acquisition consisted of 600 buffers
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composed of 500 images acquired at 1000 frames per second
(mice imaged at Bregma -2.2 mm, -1.5 mm, and 0.0 mm)
or 1200 buffers of 400 images acquired at 1600 frames per
second (mice imaged at Bregma +0.2 mm and +0.7 mm), for
a total acquisition time of 5 minutes. The pulse shape was
composed of three cycles of a sinusoidal wave emitted at 25
V. The mechanical index (MI) at elevation focus was 0.20.
All experimental procedures were approved by the Animal
Care Ethics Committee of the University of Montreal (Permit
Number: 21-017 and 22-013).

A singular value decomposition (SVD) clutter filter [36]
was used on raw ultrasound data prior to beamforming to
isolate microbubble hyperbolas [13], [37] by reshaping the
signal into a spatio-temporal Casorati matrix of dimensions
NgNeNg x Ny, with Ny the number of frames. The SVD
threshold was set heuristically to maximize tissue rejection. An

additional bandpass filter was applied with cutoff frequencies
empirically set to optimize noise reduction. Raw ultrasound
data were beamformed a first time with the DAS beamformer
and microbubble positions were retrieved using a previously
published localization algorithm [7], [33].

C. Construction of the model matrix Kg

In order to consider only intense microbubbles and reduce
false detections, a 20 dB threshold was used on detected
microbubbles. The model matrix Ky was built directly in the
Fourier domain using information on the bandwidth and ele-
ment geometry of the different ultrasound probes provided by
the Verasonics system. The same pulse definition used during
in vivo experiment was used to define Ty. Further details
on the equations are given in the supplemental materials and
in reference [28]. I' was inferred from detected microbubble
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positions and backscattering amplitudes using a 2D Gaussian
fitting as described in section The regularization term
was set heuristically to 0.01 which retrieved continuous and
smooth aberration profiles.

D. Aberration correction method

The retrieved aberration function in the Fourier domain
consisted of a matrix of dimension N, x N,. Both amplitude
and phase aberration were computed as part of the least-
squares solution, but only the phase was kept in the subsequent
correction process. A 2D phase unwrapping method robust
to noise [38] was applied to retrieve the time delays. An
averaging of the time delays retrieved over different acqui-
sition frames was made. Aberration correction was performed
by including the time delays into the beamformer for each
angle before compounding. The same aberration function was
applied for all frames. To reduce errors caused by precision
on microbubble localization, we performed correction in an
iterative manner. The images were beamformed with the time
delays and microbubble detected again to build a more precise
Ky, with the previously mentioned step applied again. The
entire correction pipeline is illustrated in figure 2]

E. Coherence-based method

The coherence-based aberration correction method [12],
[13], [16] was adapted for comparison purpose. Channel data
were filtered as previously described to reveal microbubble
signals. hyperbolas of individual microbubbles were rephased
by shifting each channel by the time delays ¢, computed
accordingly to their positions (x5, 25)

25 cosf + xssinf + \/m, (1)
c

where x,, represents the position of each element, 6 the
transmit angle, and c the speed of sound. The phase delays
associated to the aberration profile were calculated by finding

tn(xsa Zs) =

the maximum of the cross-correlation between each element
in the Fourier domain with zero paddings.

F. ULM reconstruction

Positions of individual microbubbles were detected by
using a 2D Gaussian fitting. Microbubbles with correla-
tion with the point spread function (PSF) higher than
0.5 were then tracked using an algorithm based on the
Hungarian method (https://github.com/tinevez/
simpletracker) with no gap filling and maximal linking
distance of 2 pixels. A smoothing algorithm based on least-
squares methods [39] was applied on each track. Tracks
were then interpolated using the modified Akima method [40]
to retrieve continuous trajectories and projected using the
maximal intensity projection on a factor 10 interpolation grid
[35]. Velocities were computed with a forward finite difference
scheme directly after smoothing and then interpolated in a
similar manner. Only tracks longer than 15 frames were used
for the ULM reconstruction. A 2D Gaussian filtering with
standard deviation of 1 pixel was used to reduce noise and
improve ULM map rendering.

G. Image quality assessment

The improvement of Power Doppler images after correc-
tion was determined by evaluating the contrast-to-noise ratio
(CNR) and SNR

CNR = 10 1Og10 ( |/vaessel - /'Lnoisel ) (20)
Onoise
Hoessel
SNR = 10log,, (U . ) : @21)

where fiyesser 1S the mean intensity in a region of interest
within a large vessel, fipoise, and 0n0ise the mean intensity
and standard deviation within a region of interest defined in
the background, respectively.

Similarity between aberration functions u; and uy retrieved
at different concentration was evaluated with a modified cosine
similarity

up - U2

ma (], [ )’ 22

where - represents the dot product. Here, the maximal norm
of u; or us was used as normalization to account for scale
difference between ujand us.

For ULM images, the Fourier ring correlation (FRC)
[41] was used to evaluate the gain in resolution after cor-
rection by adapting code from https://github.com/
bionanoimaging/cell1STORM-MATLAB. Tracks were
randomly separated into two sub-images. The FRC was com-
puted by using correlation between the spatial spectrum of
each sub-image for pixels within a radius r

r) = > rer F1(r) - Fo(r)”
FROU) = S RO Soen B0

The intersection of the FRC curve with the half-bit threshold
was used to establish the resolution.

(23)
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Fig. 6. In vivo aberration correction on transcranial CEUS Power Doppler images of 5 different mouse brains. (a) Aberration function profile of each
mouse. After 5 iterations, most aberration profiles reached stability. (b) Comparison of the brain vasculature before and after aberration correction.
(c) Close-up regions extracted from (b). (d) Mean phase variation of the aberration function between each iterative step. (¢) CNR is improved after
correction (one-tailed paired t-test, p < 0.0001). SNR is improved after correction (one-tailed paired t-test, p < 0.0001).

H. Statistical analysis and reproducibility

Reproducibility of IPAC was evaluated in 5 different mice.
Statistical significance of SNR and CNR improvement of
CEUS images were evaluated with a parametric one-tailed
paired t-test with a 95% confidence level assuming a normal
distribution of the data and using the before and after cor-
rection values as paired measurements. Likewise, statistical
significance of mean microbubble correlation, mean track
length, number of tracks, mean velocity, and resolution of
ULM images were evaluated with a parametric one-tailed
paired t-test. Multiple groups comparison for microbubble
concentration analysis were first evaluated with a one-way
ANOVA (analysis of variance). If applicable, a post hoc
pairwise comparison using a paired t-test was used to identify
which groups were statistically different.

The nonparametric Kolmogorov—Smirnov (KS) test was
used to assess statistical difference between distributions of
microbubble correlations, track lengths, and track velocities,
without any assumption on the data distribution. The Watson-
Williams test for circular data was used to assert significance
on flow direction. A p-value of < 0.05 was considered
statically significant. Levels of significance are given as * :
p< 0.05, #* : p< 0.01, *** : p< 0.001, and **** : p< 0.0001.

I. Computational resources

Processing for aberration correction was performed in MAT-
LAB R2023b on a working station with an Intel Xeon W-2245
3.9 GHz processor, 256 Go of RAM, and an NVIDIA GeForce
RTX 3090 GPU with 24 Go of dedicated memory. Codes for
generating the matrix K and computing the aberration function

were implemented in the MATLAB language. Generating the
matrix K and computing the inversion algorithm for a single
frame took an average time of 13.5 seconds. The beamformer
was fully implemented on GPU using CUDA. Including the
time delays into the beamformer did not significantly change
beamforming processing times, which were on average 6.6
seconds for a single buffer. Processing a single CEUS Power
Doppler image (beamforming and SVD filtering) took an
average time of 8.5 seconds.

ULM processing (beamforming, microbubble localization
and tracking) was performed on high-performance compute
(HPC) system. Beamforming and localization were performed
on GPU system using an Intel Gold 6148 Skylake 2.4 GHz
processor, 64 Go of RAM, and an Nvidia V100SXM2 GPU
with 16 Go of dedicated memory. Buffers were processed in
parallel in less than 1 hour using multiple computing nodes.
Loading and processing a single buffer took an average time of
45 seconds. Only detected microbubble positions and correla-
tion values were saved. Tracking was performed separately on
CPU only system using 10 cores (Intel Gold 6148 Skylake 2.4
GHz processor) and 128 Gb of RAM. Buffers were processed
in parallel on workers and generating a complete ULM map
took less than 20 minutes.

V. RESULTS
A. Aberration correction on simulated images

We first validated IPAC on simulated vascular data acquired
with either a linear or a phased array probe. Fig. Bp and Fig.
Mh show the ground truth of the simulated vascular network.
Increasing noise level in the RF channel data reduced the
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Fig. 7. Impact of microbubble concentrations on the aberration function.
(a) Aberration functions obtained at the start, middle, and end of the
bolus emulating high, average, and low microbubble concentrations. (b)
Modified cosine similarity of the aberration functions for the different
concentrations. (c) Aberration correction on Power Doppler images for
the aberration functions computed at different concentrations. (d) CNR
measured in CEUS Power Doppler images at different concentrations.
No statistical difference was detected between concentrations (one-way
ANOVA, p = 0.79) (e) SNR measured in CEUS Power Doppler images at
different concentrations. No statistical difference was detected between
concentrations (one-way ANOVA, p = 0.79).

visibility of microbubble diffraction hyperbolas, as shown on
Fig. Bb and Fig. [@p. Fig. Bt shows comparable aberration
function profile to the ground truth was achieved after 6
iterations for the linear probe, while similar profile with a
phase shift was observed for the phased array probe as shown
on Fig. Bc. The correction method remains robust even for
SNR as low as 20 dB for both probe types, as shown on Fig.
EH and Fig. Ekl Indeed, in presence of aberration, the vessel
network is blurred while the corrected images showed sharper
vessels.

B. Aberration correction on In vivo power Doppler
images

An example of in vivo microbubble signals used for aberra-
tion correction is shown in Fig. [Sh, with detected microbubble
positions marked in red. The corresponding in vivo and simu-
lated RF channel signals after SVD filtering and simulated RF
channel signals using the microbubble positions are shown in
Fig. 5p. The microbubble positions were then used to construct
the forward matrix shown in Fig. k. The correction method
was able to improve microbubble shapes as shown in Fig. 5.
Close-ups show that microbubbles were more symmetrical and
better focused after correction. Fig. [6a shows the aberration

function retrieved for different iteration steps on 5 mouse
brains. The aberration functions reached a stable profile for
all 5 mouse brains, with limited variation after 3—5 iterations,
as shown in Fig. [fd. The aberration profiles also showed a
decrease in relative phase delays at the center of the probe for
most Bregma sections identified. After correction, the CEUS
Power Doppler signal is qualitatively improved in the whole-
brain. Notably, sharper vessels can be observed, as indicated
by arrows on Fig. [6b. Close-up regions show blurred areas in
presence of aberration appeared not only sharper but also in
higher details after correction as shown on Fig. [6k.

Quantitatively, Fig. [6e shows that the CNR was significantly
improved from 18.9 dB to 23.5 dB (one-tailed paired t-test,
p < 0.0001), which represents an increase of 24%. Similarly,
the SNR increased by 23% from 19.1 dB to 23.6 dB after
correction (one-tailed paired t-test, p < 0.0001).

C. Microbubble concentration dependence of the
aberration function

The impact of microbubble concentration on aberration cor-
rection performance was evaluated by using buffers from the
start, middle, and end of the bolus injection, which represent
high, average, and low concentration conditions, respectively.
The obtained aberration functions remained consistent with
limited variation at different time of the injection for most
mice, as shown in Fig. [7p. Quantitatively, Fig. [7b shows that
the modified cosine similarity between the aberration functions
obtained at different concentrations ranged between 0.70 and
0.98, with a mean value of 0.83. Fig. [T presents a comparison
of the brain vasculature obtained after aberration correction
using the different functions at different microbubble con-
centrations. The same close-up regions shown in Fig. [f] are
presented. Improvement in vessels sharpness can be observed
for all concentrations.

Fig[7d-e show that both CNR and SNR increased after
correction for the different microbubble concentrations. No
statistical difference was detected between the different con-
centrations for CNR (one-way ANOVA, p = 0.79) or for SNR
(one-way ANOVA, p = 0.79). All aberration correction per-
formed at the different concentrations significantly improved
CNR and SNR (one-tailed paired t-test, p < 0.05).

D. Comparison to the coherence-based method

In order to demonstrate the efficacy of IPAC at higher
frequency and when multiple microbubbles are present, we
compared it against the coherence-based method proposed
in [12], [13], [17]. Fig. @1 shows examples of detected mi-
crobubbles with their corresponding hyperbolas in the channel
data. Because of the high element directivity at 15 MHz,
rephased microbubble hyperbolas displayed limited signals to
only a few dozen elements of the probe, as shown in Fig. [8p.
Interference patterns at hyperbolas crossing points can also be
observed. Aberration functions computed with the coherence-
based method show important discontinuities and high phase
variations at interfering points and where elements had limited
signals, as shown in Fig. [8c.
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with corresponding hyperbolas in the RF signals. (b) Realigned microbubble hyperbolas shown in (a). High element directivity at 15 MHz limits
microbubble signals to only a few elements. (c) Aberration profiles computed with the coherence-based method. Line colors correspond to identified
microbubbles and hyperbolas shown in (a). Interference patterns and directivity of signals cause disruption in the computed aberration profiles. (d)
Detected microbubbles with associated hyperbolas used in IPAC for a single frame. (e) Aberration function obtained with IPAC using a single frame

and a single iteration.

Next, we evaluated IPAC performance on the same imaged
frame used for the coherence-based method and for a sin-
gle iteration. Fig. [§d shows the detected microbubbles with
their corresponding hyperbolas in the channel data used for
the computation of IPAC. Fig. shows that the aberration
function is continuous all along the elements, with a stable
phase variation profile.

E. Aberration correction on In vivo ULM images

Aberration correction also improved ULM reconstruction,
as shown on Fig. O which compares the signed vascular
maps obtained before and after correction in five different
mice. A higher number of microvessels can be observed after
aberration correction, as well as a reduced number of blurred
areas in multiple regions in the brain. Some duplicated vessels
in presence of aberration (see mouse 2 and mouse 5) were
properly connected after aberration correction. Selected close-
ups and profile views presented in Fig.[Ob further demonstrates
that contrast and resolution of microvessels are improved
after correction. Additional or sharper vessels could be clearly
identified after correction. Profile views showed more precisely
that vessel widths are decreased, and contain a higher density
of microbubbles. Quantitatively, FRC measurement showed
that global ULM image resolution was improved for all mice,
except for mouse 5. Indeed, as shown in Fig. E}: for all other
mice, the FRC curve moved to the right (i.e., in the direction
of higher spatial frequency), which corresponds to a higher
resolution.

Hemodynamic quantification of blood flow velocities is also
improved after correction, as shown on Fig. [I0] Fig. [IOp
shows the same close-up regions and selected vessel profiles
previously identified on the anatomical map. Reconstructed

vessels velocities are less spurious and show a more robust
parabolic flow profile. After correction, track velocities are
also more directive, as shown on the polar distributions of Fig.
, which encode both blood flow magnitude and direction.
Indeed, sharper peaks can be identified in the polar plots,
which represent the flow direction of blood vessels. Statistical
difference between flow direction before and after correction
was confirmed with the Watson-Williams test for all mice (p
< 0.0001).

Fig. shows a more detailed quantitative analysis of the
correction performance in each mouse. Overall, the correction
method moved the microbubble correlation and track length
distributions to larger values for all mice (KS test, p < 0.0001).
We also observed a significant change in the distribution
of mean velocities of track after correction (KS test, p <
0.0001) with a higher number of tracks with lower velocities
which are associated to smaller vessels as shown on Fig. [TT.
Furthermore, Fig. [TTd shows the reproducibility performance
of the correction method when taking all animals into account.
Our results showed that the mean microbubble correlation
increased by 1.2 % (one-tailed t-test p < 0.01). On average,
the mean track length increased by 6.2 % (one-tailed t-test,
p < 0.01) and the total number of tracks increased by 8.8
% (one-tailed t-test, p < 0.001). The mean track velocity
decreased from 7.10 mm/s to 6.88 mm/s (one-tailed t-test, p
< 0.05). Finally, the resolution was improved by 13.5 % from
21.1 pm to 18.3 pum (one-tailed t-test, p < 0.05).

V. DISCUSSION

In this work, we developed IPAC, an inverse problem
approach to perform aberration correction by leveraging the
sparsity of CEUS data and a pripori knowledge of the medium
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mouse 5.

based on microbubble localization. We introduced a gradient
operator to express the forward problem in linear form with
respect to the aberration, which allowed us to apply typical
inversion strategies that minimize the mismatch between the
data and the model to retrieve the aberration function. We
first validated IPAC on simulated data using a linear and
then a phased array probe to demonstrate that it can be
generalized for plane wave as well for divergent wave imaging.
We showed that IPAC can retrieve the proper aberration
profile with respect to the ground truth. We also evaluated the
reproducibility of transcranial aberration correction in vivo in

5 mouse brains imaged at different coronal planes. By con-
sidering a single global aberration function, we were able to
significantly improve image quality for both CEUS and ULM
images. We showed that both CNR and SNR were improved
on power Doppler images by 24% and 23%, respectively. We
also showed that IPAC performance was robust to microbubble
concentrations and outperformed the coherence-based method
when crossing hyperbolas are present and when the element
directivity is high.

For ULM images, TPAC improved resolution by 13.5%,
increased the mean tracks length by 6.2% and the number
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of detected tracks by 8.8%. We also investigated the effect of
aberration on velocity measurements and showed that both
flow magnitude and direction could be misrepresented, as
shown by other studies on blood flow imaging [22], [42], [43].
Hence, aberration correction could be critical for establishing
reliable biomarkers based upon hemodynamic variation. How-
ever, further investigations in presence of ground truths are
required to further validate the impacts of aberration on blood
velocities in ULM.

Recently proposed matrix formalism taking advantage of

angular coherence [44] or local spatial correlation [27] of
ultrasound images have been used for aberration correction.
We aimed to address a correction method for transcranial brain
hemodynamic imaging. Imaging modalities such as ultrafast
Doppler and ULM require being able to perform correction
on hundreds or thousands of images for a single acquisition
while maintaining a high frame rate. The advantage of our
matrix formalism is that it can retrieve the aberration function
from raw channel data without any change in the imaging
sequence and then include the aberration correction into the
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for ULM images. (a) Distribution of the microbubble correlation with
the PSF before and after correction. The microbubble correlation is
increased for all mice after correction (one-tailed KS test, p < 0.0001).
(b) Distribution of the track length before and after correction. The track
length is increased for all mice after correction (one-tailed KS test, p
< 0.0001). (c) Distribution of the mean track velocities before and after
correction. The mean velocity is decreased for all mice after correction
(one-tailed KS test, p < 0.0001). (d) Assessment of the reproducibility
of the correction performance on in vivo ULM images across animals.
The mean correlation of microbubbles with the PSF is increased after
correction (one-tailed paired t-test, p < 0.01). The number of tracks
is increased after correction (one-tailed paired t-test, p < 0.001). The
mean track length is increased after correction (one-tailed paired t-test,
p < 0.01). The mean track velocity is decreased after correction (one-
tailed paired t-test, p < 0.05). The resolution in improved after correction
(one-tailed paired t-test, p < 0.05).

beamforming.

Interestingly, the in vivo aberration profiles we observed
showed a decrease in phase delays at the center of the probe
for most imaged planes. This is actually consistent with the
variation of the skull thickness in the mouse, which is thicker
at the middle [45]. However, phase delays also depend on the
propagation velocity in the forward model and using a different
speed of sound could have resulted in a different aberration
profile. Our results showed a more significant improvement
in Doppler images than in ULM images. This could be
explained by the fact that tracking and smoothing algorithms
can partially alleviate detection error or deformation caused
by the skull aberration.

Moreover, figure [0] shows that some duplicated or disjoint
vessels in presence of aberration are properly connected after
correction (see mouse 2 and mouse 5). Such artifacts have
been previously reported [13], [14]. This could be mainly

caused by aberrated microbubbles that are so distorted to the
point they appear as two separated microbubbles, leading to
serious localization errors or double localization. Aberration
correction helped to restore the microbubble to their original
shape and therefore removed duplicated vessels. Although
aberration correction in mouse 5 improved some vessel appear-
ance, the resolution did not improve. Since the FRC measures
the image resolution in is globality [41], it is possible that
small local improvement did not translate into a global change
in resolution.

In a broader sense, we presented an aberration correction
formalism which general approach consists of defining a direct
operator linking an aberration model (i.e., phase screen) to
the ultrasound signals, combined with an optimization scheme
(i.e. least-square inversion) to retrieve the aberration function.
Such representation was possible by taking advantage of a
matrix forward wave propagation model and by formulating
the analytical expression of the gradient operator with respect
to the aberration function. This formalism not only streamlines
the process of aberration correction, it also takes into account
a larger amount of information by including additional a priori
knowledge of the medium, but also of the transmit pulse and
probe characteristics. Another strength of using such a repre-
sentation of aberration correction is that it could in principle be
extended to other aberration models (e.g., localized or speed
of sound map) or other optimization strategies (e.g., matched
filter, gradient ascent/descent).

Although this work demonstrated that inverse problems
can be used to perform phase aberration correction, some
limitations remain. The forward model we proposed take
into account only a unique phase screen aberration function.
The phase screen model is a relatively simple model that
may not fully capture the aberrating effects of the skull.
Indeed, For biological tissues, the aberration function does not
always remain consistent in the entire field of view [46]. This
was also recently reported for transcranial imaging [12]-[14].
Interestingly, for transcranial imaging using a phased array
probe in humans, aberration profiles seem to have strong sec-
torial variation but limited depth-dependence [13]. Still, IPAC
could be adapted for depth dependent aberration correction by
applying the inversion for different time windows through the
RF channel data which correspond to different depths in the
image. However, further examination on the number of time
samples and/or number of frequencies required for inversion
stability is required.

Similarly, lateral variations could have been taken into
account by using the DORT method [47] to isolate hyperbolas
from different lateral regions, allowing to apply IPAC to
recover a specific aberration function for each region. A more
complete aberration function model with pixel-wise spatial
variations to consider the skull thickness could also have been
included into our formalism but would have required higher
order derivatives of tensors. The use of open-source libraries
such as Google JAX or PyTorch that can perform automatic
differentiation could also facilitate implementation of IPAC
without the explicit need of the analytical expression of the
gradient operator.

Correction was applied only in receive using standard DAS
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beamforming. Other beamforming algorithms such as SMIF
[48] or the SVD beamformer [44] could have been used to
apply correction also in transmit. We considered the same
aberration function for both transmit and receive, a valid
assumption for the near-field phase screen model. However,
more complex models may require considering different func-
tions. A different aberration in transmit and receive could
also have been included into our formalism but would have
required to formulated two optimization problems to retrieve
both aberration functions. We also presented our formalism
for 2D imaging, the approach is general enough to be ex-
tended to 3D imaging since vectorization of both RF channel
signals and aberration functions can be used to reduce the
dimensionality of the problem. However, since 3D imaging
can require thousands of elements, this raises the complexity
of the computational need to solve the inverse problem.

Although microbubbles can be considered as point scatterers
for imaging, variations in properties such as microbubble sizes
could affect the response spectrum. We aimed to partially
address this issue by considering the backscattering amplitude
of the microbubbles while constructing the forward model.
However, further development may be required to better
integrate microbubble properties into the inverse problem to
ensure convergence of the solution.

The developed method relies on the presence of guided
stars and prior knowledge of the medium. Hence, the ability
of TPAC to properly retrieve the aberration function depends
on the reliability of the localization algorithm, since false
or missed detections could induce error in the estimation
of the model. We previously introduced correlation with the
PSF [7], [33] in order to improve detection rates. Finally, it
would be also interesting to develop a similar optimization-
based approach that could be used in a blind manner (i.e.,
without prior knowledge of the image) as other recently
proposed methods [49], although their applications for in vivo
transcranial imaging still need to be demonstrated.

VI. CONCLUSION

We developed IPAC, an inverse problem approach to aber-
ration correction that directly links the aberrated ultrasound
RF channel signals to the aberration functions by using a
sparse representation of microbubble signals. For trancranial
imaging of the mouse brain, we showed that IPAC improved
Power Doppler contrast as well as ULM resolution. Finally,
IPAC could be a promising aberration correction method for
more reliable transcranial imaging of the brain vasculature
with potential non-invasive clinical applications.
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